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1. In tro duction

² Projective linesde¯nedover ¯nite associative ringswith unity/identit y
haverecently beenrecognizedto bean important novel tool for getting
a deeper insight into the underlyingalgebraicgeometricalstructureof
¯nite dimensionalquantum systems.

² As per the two-qubitcase,i.e.,the setof 15operators/generalizedfour-
by-four Pauli spinmatrices,of particular importanceturnedout to be
the linesde¯nedover the direct product of the simplestGalois¯elds,
GF (2) £ GF (2) £ : : : £ GF (2).

² Here,the line de¯nedover GF (2) £ GF (2) plays a prominent role in
graspingqualitatively the basicstructureof so-calledMerminsquares,
i. e., three-by-threearrays in certainremarkable9 + 6 split-upsof the
algebraof operators(quant-ph/0603051,quant-ph/0603206),whereas
thelineoverGF (2)£ GF (2)£ GF (2) re°ectssomeof thebasicfeatures
of a speci¯c 8 + 7 (\cube-and-kernel") factorizationof the set(quant-
ph/0605239).

² Motivatedby thesepartial ¯ndings,westartedourquestfor such a ring
line that wouldprovideuswith a completepictureof the algebraof all
the 15operators/matrices.

² After examininga largenumberof linesde¯nedovercommutativerings
(math.AG/0605301,math.AG/0606500),we graduallyrealizedthat a
proper candidateis likely to be foundin the non-commutative domain
andthis, indeed,turnedout to be a right move.

² It is,asweshalldemonstratein what follows,theprojectivelinede¯ned
over the full two-by-two matrix ring with entriesin GF (2), M 2(GF (2))
| the uniquesimplenon-commutative ring of order16 featuringsix
units (invertibleelements) andten zero-divisors.



2. Pro jectiv e Line Over P1(M2(GF (2)))

Recalling the Concept of a Projective Ring Line

Given

² an associative ring R with unity/identit y and

² GL(2; R), the generallinear groupof invertible two-by-two matrices
with entries in R,

a pair (a;b) 2 R2 is calledadmissibleover R if thereexist c;d 2 R such
that
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The projective line over R, usuallydenotedasP1(R), is the setof equiv-
alenceclassesof orderedpairs (%a;%b), where%is a unit of R and (a;b)
is admissible.Two points X := (%a;%b) andY := (%c;%d) of the line are
calleddistant or neighbor accordingas
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respectively. GL(2; R) hasan important property of acting transitively
on a setof threepairwisedistant points; that is, given any two triples of
mutually distant points thereexistsan element of GL(2; R) transforming
onetriple into the other.



Full Matrix Ring M 2(GF (2))) and Its Subrings

The projective line we areexclusively interestedin hereis the onede¯ned
over the full two-by-two matrix ring with GF (2)-valuedcoe±cients, i. e.,

R = M2(GF (2)) ´
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In an explicit form:

UNITS:Invertiblematrices(i. e.,matriceswith non-zerodeterminant). They
areof two distinct kinds: thosewhich squareto 1,
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andthosewhich squareto each other,
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ZERO-DIVISORS:Matriceswith vanishingdeterminant. Thesearealsoof
two di®erent types:nilpotent, i. e. thosewhich squareto zero,
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andidempotent, i. e. thosewhich squareto themselves,
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The structure of this full matrix ring can be well understood from the
accompanying colour¯gure featuringits mostimportant subrings,namely
thoseisomorphicto

² GF (4) (yellow),

² GF (2)[x]=hx2i (red),

² GF (2) ­ GF (2) (pink) andto

² the non-commutative ring of 8/6 type (green).

Irrespectively of colour,the dashed/dottedlinesjoin elements represented
by upper/lower triangularmatrices,whilethe solidlineslink elements rep-
resented by \diagonalparity preserving"matrices.

It is worth mentioninga very interestingsymmetryof thepicture. Namely,
the \dpp" ring of 8/6 type (solidgreen)incorporatesboth the upper and
lowertriangularmatrix ringsisomorphicto GF (2)­ GF (2), while,in turn,
the \dpp" GF (2)­ GF (2) ring (solidpink) is the intersectionof theupper
andlower triangularmatrix ringsof 8/6 type.

It is alsoto be notedthat GF (4) hasonly onerepresentative, the \dpp"
set,whereaseach of the remainingtypeshave three distinct (namelyup-
per and lower triangular,and \dpp") representatives. The shadedcircles
denotenon-trivial idempotents.
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Figure 1: The subrings of M2(GF(2)).



P1(M2(GF (2)))

Checking ¯rst for admissibility (Eq.(1)) andthengroupingthe admissible
pairsleft-proportionalby a unit into equivalenceclasses(of cardinality six
each), we ¯nd that P1(M2(GF (2))) possessesaltogether35 points, with
the following representativesof each equivalenceclass:

(1; 1); (1; 2); (1; 9); (1; 11); (1; 12); (1; 13);

(1; 0); (1; 3); (1; 4); (1; 5); (1; 6); (1; 7); (1; 8); (1; 10); (1; 14); (1; 15);

(0; 1); (3; 1); (4; 1); (5; 1); (6; 1); (7; 1); (8; 1); (10; 1); (14; 1); (15; 1);

(3; 4); (3; 10); (3; 14); (5; 4); (5; 10); (5; 14); (6; 4); (6; 10); (6; 14): (9)

From Eqs.(4){(8) onecaneasilyrecognizethat the representativesin the
¯rst row of the last equationhave both entries units (1 being,obviously,
unity/multiplicative identit y), thoseof the secondandthird row have one
entry unit(y) and the other a zero-divisor,whilst all pairs in the last row
featurezero-divisorsin both the entries. At this point we are ready to
shown which \p ortion" of P1(M2(GF (2))) is the proper algebraicgeomet-
rical settingof two-qubits.



Speci¯c Subcon¯guration of P1(M2(GF (2)))

To this end,weconsidertwo distant points of the line. Takinginto account
the above-mentioned three-distant-transitivity of GL(2; R), we can take
these,without any lossof generality, to be the points U := (1; 0) and
V := (0; 1). Next we pick up all thosepoints of the line which are

² eithersimultaneouslydistant or

² simultaneouslyneighbor

to U and V. Employing the left part of Eq.(2), we ¯nd the following six
points

C1 = (1; 1); C2 = (1; 2); C3 = (1; 9);

C4 = (1; 11); C5 = (1; 12); C6 = (1; 13); (10)

to belongto the ¯rst family, whereasthe right part of Eq.(2) tells us that
the secondfamily comprisesthe followingninepoints

C7 = (3; 4); C8 = (3; 10); C9 = (3; 14);

C10 = (5; 4); C11 = (5; 10); C12 = (5; 14);

C13 = (6; 4); C14 = (6; 10); C15 = (6; 14): (11)

Makingagainuseof Eq.(2), one¯nds that the points of our specialsubset
of P1(M2(GF (2))) arerelatedwith each otherasshown in Table2; from
this table it canreadilybe discernedthat

² to every point of the con¯gurationthere are six neighbor and eight
distant points, andthat

² the maximum number of pairwiseneighbor points is three.



Table 1: The distant and neighbor (\+" and \ ¡ ", respectively) relation between the points of the con¯guration.
The points are arranged in such a way that the last nine of them (i. e., C7 to C15) form the projective line over
GF (2) £ GF (2).

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15

C1 ¡ ¡ ¡ ¡ + + ¡ + + + ¡ + + + ¡
C2 ¡ ¡ + + ¡ ¡ ¡ + + + + ¡ + ¡ +
C3 ¡ + ¡ + ¡ ¡ + ¡ + ¡ + + + + ¡
C4 ¡ + + ¡ ¡ ¡ + + ¡ + ¡ + ¡ + +
C5 + ¡ ¡ ¡ ¡ + + ¡ + + + ¡ ¡ + +
C6 + ¡ ¡ ¡ + ¡ + + ¡ ¡ + + + ¡ +
C7 ¡ ¡ + + + + ¡ ¡ ¡ ¡ + + ¡ + +
C8 + + ¡ + ¡ + ¡ ¡ ¡ + ¡ + + ¡ +
C9 + + + ¡ + ¡ ¡ ¡ ¡ + + ¡ + + ¡
C10 + + ¡ + + ¡ ¡ + + ¡ ¡ ¡ ¡ + +
C11 ¡ + + ¡ + + + ¡ + ¡ ¡ ¡ + ¡ +
C12 + ¡ + + ¡ + + + ¡ ¡ ¡ ¡ + + ¡
C13 + + + ¡ ¡ + ¡ + + ¡ + + ¡ ¡ ¡
C14 + ¡ + + + ¡ + ¡ + + ¡ + ¡ ¡ ¡
C15 ¡ + ¡ + + + + + ¡ + + ¡ ¡ ¡ ¡

The ¯nal stepis to identify these15 points with the 15 generalizedPauli
matrices/operatorsof two-qubitsin the followingway

C1 = ¾z ­ ¾x; C2 = ¾y ­ ¾y; C3 = 12 ­ ¾x;

C4 = ¾y ­ ¾z; C5 = ¾y ­ 12; C6 = ¾x ­ ¾x;

C7 = ¾x ­ ¾z; C8 = ¾y ­ ¾x; C9 = ¾z ­ ¾y;

C10 = ¾x ­ 12; C11 = ¾x ­ ¾y; C12 = 12 ­ ¾y;

C13 = 12 ­ ¾z; C14 = ¾z ­ ¾z; C15 = ¾z ­ 12; (12)

where12 is the 2 £ 2 unit matrix, ¾x, ¾y and ¾z are the classicalPauli
matricesandthe symbol \ ­ " standsfor the tensorialproduct of matrices,
in orderto readilyverify that Table 2 giv es the correct comm uta-
tion relations between these operators with the symbols \+"
and \ ¡ " now having the meaning of \non-comm uting" and
\comm uting", respectiv ely.



3. Geometry of Tw o-Qubits

\9+6" and \10+5" Factorizations of the Algebra of Pauli Operators
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Figure 2:

The two basicfactorizationsof the algebraof the 15 operatorsof a two-
qubit system.In both thecases,two operatorsarejoinedby a line-segment
only if they arecommute and the color is usedto illustrate how the two
factorizationsrelateto each other.



The Two Factorizations in Terms of Sublinesof P1(M2(GF (2)))

The 9+6 factorization(left) correspondsgeometricallyto the split-up of
our sub-con¯gurationof P1(M2(GF (2))) into

² the projective line over GF (2) £ GF (2) (bottom) and

² a coupleof projective linesover GF (4) sharingtwo points (top).

The10+5one(right) correspondsto the partition of the sub-con¯guration
into

² the projective line over GF (4) (top) and

² a setof ¯ve linesover GF (2)[x]=hx2i intersectingpairwisein the line
over GF (2) (bottom).



Generalized Quadrangleof Order Two, W(2)

The secondinterpretationinvolvesa generalized quadrangle, a rank two
point-line incidencegeometrywheretwo points shareat mostoneline and
wherefor any point X anda line L , X =2 L , thereexistsexactlyoneline
throughX which intersectL . The generalizedquadrangleassociatedwith
ourobservablesis of ordertwo, i. e.,theonewhereevery linecontainsthree
points and every point is on three lines. Such a quadranglehas,indeed,
15points (and,becauseof its self-duality, the samenumber of lines),each
of which is joinedby a line with othersix | aseasilydiscerniblefrom the
following ¯gure:

Figure 3:



The Two Factorizations in Terms of Geometric Hyperplanesof W(2)

The9+6 factorizationof operators(left) now correspondsgeometricallyto
the split-upof the quadrangleof into

² its grid, i.e.,a slim generalizedquadrangleof order(2; 1) (bottom) and

² its dual (top).

The 10+5 one(right) correspondsto the partition of the quadrangleinto

² oneof its ovoids, i. e.,a setof (¯v e) points that hasexactlyonepoint
in commonwith every line (top) and

² the setof ten points that form the famousPetersengraph(bottom)

asillustratedin Figure4:

Figure 4:

Figure 5:

If, dually, one removes from the quadranglea spread, i. e., a set of (¯v e) pairwise disjoint lines
that partition the point set (Fig. 5), one gets the dual of the Petersengraph; ¯v e lines of a spread
represent nothing but the ¯v e maximum subsetsof three mutually commuting operatorseach, whose
associated basesare mutually unbiased.



Correspondence Between the Two Pictures

A geometrichyperplaneH of a ¯nite geometryis a setof points such that
every line of the geometryeither contains exactlyonepoint of H , or is
completelycontained in H . It is easyto verify that for the generalized
quadrangleof ordertwo H is of oneof the following three kinds:

² Hov, an ovoid (therearesix such hyperplanes);

² Hcl(X ), a setof points collinearwith a givenpoint X , the point itself
inclusive (thereare15such hyperplanes);and

² Hgr, a grid asde¯nedabove (thereare10such hyperplanes).

Ontheotherhand,thereare,respectively, threekindsof theprojectivelines
over the ringsof orderfour and characteristictwo living in the projective
line P1(M2(GF (2))):

² P1(GF (4));

² P1(GF (2)[x]=hx2i ); and

² P1(GF (2) £ GF (2)).

Onethusrevealsa perfectparity betweenthe threekindsof the geometric
hyperplanesof the generalizedquadrangleof ordertwo andthe threekinds
of theprojective linesover the ringsof fourelements andcharacteristictwo
embeddedin our sub-con¯gurationof P1(M2(GF (2))), giving rise to the
threekindsof thedistinguishedsubsetsof thePaulioperatorsof two-qubits,
assummarizedin Table2.

Table 2:

GQ Hov H cl (X ) n f X g Hgr

PL P1(GF (4)) P1(GF (2)[x]=hx2i ) P1(GF (2) £ GF (2))
TQ set of ¯v e mutually set of six operators nine operators of a

non-commuting operators commuting with a given one Mermin's square



Generalizations for N -qubits

It is surmised(quant-ph/0612179)that the algebraof the Pauli operators
on the Hilbert spaceof N -qubitsis embodiedin the geometryof the sym-
plectic polar space of rank N and order two, W2N ¡ 1(2):

² theoperators(discardingtheidentit y) answerto thepointsofW2N ¡ 1(2),

² their partitionings into maximally commuting subsetscorrespond to
spreadsof the space,

² a maximally commuting subsethas its representative in a maximal
totally isotropicsubspaceof W2N ¡ 1(2) and,¯nally,

² \commuting" translatesinto \collinear" (or \p erpendicular").



4. Conclusion

We have demonstratedthat the basicpropertiesof a systemof two in-
teractingspin-1/2particlesare uniquelyembodied in the (sub)geometry
of a particular projective line, found to be equivalent to the generalized
quadrangleof ordertwo.

As such systemsarethe simplestonesexhibitingphenomenalike quan-
tum entanglement andquantum non-locality andplay, therefore,a crucial
rolein numerousapplicationslikequantum cryptography, quantum coding,
quantum cloning/teleportationand/or quantum computingto mention the
mostsalient ones,our discovery thus

² not only o®ersa principallynewgeometrically-underlinedinsight into
their intrinsic nature,

² but alsogivestheir applicationsa wholly newperspective

² and opensup rather unexpectedvistas for an algebraicgeometrical
modellingof their higher-dimensionalcounterparts.
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