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1.

Intro duction

2 Projective linesde nedover nite assaiative ringswith unity/identity
haverecetly beenrecognizetb be animportarnt noveltool for getting
a deegr insigh into the underlyingalgebraiageometricastructure of
“nite dimensionatjuarium systems.

2 Asperthetwo-gubitcasej.e.,the setof 150perators/generalizefdur-
by-four Pauli spin matrices of particularimportanceturned out to be
the linesde nedover the direct product of the simplestGalois elds,
GF(2)£ GF(2) £ ::: £ GF(2).

2 Here,the line de nedover GF (2) £ GF (2) plays a prominen rolein
graspingqualitatively the basicstructureof so-calledMermin squares,
. e.,three-ly-threearraysin certainremarlable9 + 6 split-upsof the
algebraof operators(quari-ph/0603051 guari-ph/0603206) whereas
thelineoverGF (2)£ GF (2)£ GF (2) re°ectssomeofthe basidfeatures
of aspeci c8 + 7 (\cube-and-krnel") factorizationof the set(quart-
ph/0605239).

2 Motivatedby thesepartial ndings,we startedour questfor sud aring
line that would provide uswith a completepicture of the algebraof all
the 15 operators/matrices.

2 After examininga largenumber of linesde nedover comnutative rings
(math.AG/0605301math.AG/0606500) we graduallyrealizedthat a
proper candidates likely to be foundin the non-comrmatative domain
andthis, indeedturnedout to be a right move.

2 |t is,aswe shalldemonstratén whatfollows,the projectivelinede ned
overthe full two-by-two matrix ring with ertriesin GF (2), M o(GF (2))
| the uniguesimplenon-commatative ring of order 16 featuringsix
units (invertible elemets) andten zero-divisors.



2. Pro jectiv e Line Over P1(My(GF(2)))

Recalling the Conaept of a Projective Ring Line
Given
2 anassaiative ring R with unity/identity and

2 GL(2;R), the generallinear group of invertible two-by-two matrices
with ertriesin R,

a pair (a;b) 2 R? is calledadmissibleover R if thereexistc;d 2 R sud
thag

1

%i‘ 3& 2 GL(ZR): (1)

The projective line over R, usuallydenotedasP;(R), is the setof equiv-
alenceclasse®f orderedpairs (%0a%l, where%is a unit of R and (a;b)
is admissible.Two points X = (Ya%bandY := (%c%q of the line are

calleddistant or neighlor accordingas
0 1 0 1

%‘Z‘S%zeL(z;R) or %i?&zeL(z;R); 2)

respectiely GL(2;R) hasan importart property of acting transitively
on a setof three pairwisedistart poirnts; that is, given any two triples of
mutually distart points thereexistsan elemehof GL(2; R) transforming
onetriple into the other.



Full Matrix Ring M,(GF(2))) and Its Subrings

The projective line we are exclusiely interestedn hereis the onede ned

over the full two-by-two matrix ring with GF (2)-valuedcoezxciens, i.e.,
80 1 9

R=MyGF(2) .B, ,§j ® ;°£2 GF(2). (3)

In an explicit form:

UNITS:Invertiblematriceqi. e.,matriceswvith non-zeraleterminat). They
areof two distinct kinds: thosewhidh squareto 1,

0 1 0 1
10 01

0 1
. . o o~ gl 1., , al O,
1 %Olg’ 2 %1()&, 9 ?@O 1%, 11 %112, (4)
andthosewhim squareto eat other,
0 1
12 %11 ;137 %10 (5)

ZERO-DIVISORS®4atriceswith vanishingdeterminah Thesearealsoof

two di®erentypes:nilpotert, i. e. thosewhim squareto zero,
0 1 0 1

1 0
a1l . .01. ...
3 %)112, 8 ?@OOX, 10 ?@ E 0’ %OO (6)

andidempotert, i. e. thosewhich squargo themseles,
1 0 1
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The structure of this full matrix ring can be well understed from the
accompaying colour gure featuringits mostimportart subringsnamely
thoseisomorphido

2 GF (4) (yellaw),

2 GF (2)[x]=%2i (red),

2 GF(2)- GF(2) (pink) andto

2 the non-commatative ring of 8/6 type (green).

Irrespectively of colour,the dashed/dottedinesjoin elemets represeted
by upper/lower triangularmatriceswhilethe solidlineslink elemets rep-
reseted by \diagonalparity preserving'matrices.

It isworth mertioninga very interestingsymmetryof the picture. Namely
the \dpp" ring of 8/6 type (solid green)incorporatesboth the upper and
lowertriangularmatrix ringsisomorphico GF (2)- GF (2), while,in turn,
the\dpp" GF (2)- GF (2) ring (solidpink) is the intersectiorof the upper
and lower triangular matrix ringsof 8/6 type.

It is alsoto be notedthat GF (4) hasonly onerepresetative, the \dpp"
set, whereagat of the remainingtypeshave three distinct (namelyup-
per and lower triangular,and \dpp") represetatives. The shadectircles
denotenon-trivial idempterts.



M,(GF(2))

Figure 1: The subrings of M2 (GF(2)).




P1(M2(GF (2)))

Cheging rst for admissibiliy (Eqg.(1)) andthen groupingthe admissible
pairsleft-proportional by a unit into equinalenceclassesgof cardinalily six
ead), we nd that P,(M,(GF (2))) possessealtogether35 poirts, with
the folloving represetativesof ead equivalenceclass:

(L;1) (L2) (1,9); (L;11) (1,12} (1;13)

(L 0) (1;3); (1;4) (1;5) (1;6); (L, 7); (1;8); (1,10) (1;14) (1;15)
0;1) (31) (41) (51) (61) (7;1) (81) (101); (141), (151);
(3;4), (3,10} (3;14) (5:4); (510} (5 14) (6;4); (6,10} (6;14) (9)

From Eqgs.(4){(8) onecaneasilyrecognize¢hat the represetativesin the
“rst row of the last equationhave both ertries units (1 being, olbviously
unity/multiplicative idertity), thoseof the secondand third row have one
ertry unit(y) andthe othera zero-divisoryhilst all pairsin the last row
featurezero-divisorsn both the ertries. At this point we are readyto
shavn whid \p ortion" of P1(M »(GF (2))) is the proper algebraiggeomet-
rical settingof two-qubits.



Speci ¢ Sulwon guration of P1(M2(GF (2)))

Tothis end,we considetwo distart points of the line. Takinginto accoun
the above-metioned three-distatitransitivity of GL(2; R), we cantake
these,without any lossof generall, to be the points U := (1;0) and
V = (0;1). Nextwe pidk up all thosepoints of the line whid are

2 eithersinmultaneouslydistart or
2 sirmultaneouslyneigtbor

to U andV. Emplo/ing the left part of EQ.(2), we nd the following six
points

Ci=(11) C=(1,2) C3=(1,9),

Cs=(1;11) Cs5= (1,12} Ce= (1,13} (10)

to belongto the rst family, whereaghe right part of Eq.(2) tells usthat
the secondamily compriseshe follonving nine poirts

C7 = (34), Cg= (3,10} Co= (3;14)

Ci0= (54), Ci1= (510} Ci2= (5 14)

Ci3= (6;4), Ci4= (6;10) Cy5= (6;14) (11)
Makingagainuseof Eq.(2), one nds that the points of our specialsubset

of P1(M,(GF (2))) arerelatedwith eat otherasshavn in Table2; from
this tableit canreadilybe discernedhat

2 to ewery point of the con gurationthere are six neigtbor and eigh
distart poirts, andthat

2 the maximum number of pairwiseneighbor poirts is three.



Table 1: The distant and neighbor (\+" and \j ", respectively) relation between the points of the con guration.
The points are arranged in such a way that the last nine of them (i. e., C; to C;5) form the projective line over
GF(2) £ GF(2).
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The nal stepis to idenify thesel5 points with the 15 generalizedauli
matrices/oratorsof two-qubitsin the folloving way

Ci=%- %, Co=%- %, C3=1o- %;

Ca=%- %, Co=%- L, Co= ¥ - ¥,

Cr=%- %, Cg=%- ¥%; Co=%- %,

Cio=%- 1 Cuu=%- %, Coo=1- ¥%;

Ciz=1o- ¥%; Ciu=%- ¥, Cis= Y- L (12)
wherel; is the 2£ 2 unit matrix, %, ¥ and % are the classicaPauli
matricesandthe synbol \ - " standsfor the tensorialproduct of matrices,
in orderto readilyverify that Table 2 gives the correct comm uta-
tion relations between these operators with the symbols \+"

and \i " now having the meaning of \non-comm uting" and
\comm uting", respectiv ely.



3. Geometry of Tw o-Qubits

\9+6" and\10+5" Factorizations of the Algeba of Pauli Operators
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Figure 2:

The two basicfactorizationsof the algebraof the 15 operatorsof a two-

gubit system.In both the casestwo operatorsarejoinedby aline-segmen
only if they are comnute and the coloris usedto illustrate howv the two

factorizationgelateto eat other.



The Two Factorizations in Terms of Sublinesof P1(M2(GF (2)))

The 9+6 factorization(left) correspndsgeometricallyto the split-up of
our sub-con guratiorof P1(M»(GF (2))) into

2 the projective line over GF (2) £ GF (2) (bottom) and

2 a coupleof projective linesover GF (4) sharingtwo points (top).
The 10+50ne(right) correspndsto the partition of the sub-con guration
into

2 the projective line over GF (4) (top) and

2 a setof ve linesover GF (2)[x]=x?i intersectingpairwisein the line
over GF (2) (bottom).



Genemlized Quadrangle of Order Two, W (2)

The secondnterpretationinvolvesa genealized quadiangle a rank two

point-line incidencegeometrywheretwo points shareat mostoneline and
wherefor any point X andalinelL, X Z L, thereexistsexactlyoneline
throughX whid intersectL. The generalizedquadranglessaciatedwith

ourobserabless of ordertwo, i. e.,the onewhereeery line cortainsthree
poirts and eery point is on threelines. Sud a quadrangléenas,indeed,
15 points (and, becaus®f its self-dualiy, the samenumber of lines),eat

of whidh is joinedby a line with othersix| aseasilydiscernibldromthe

folloving gure:

Figure 3:



The Two Factorizations in Terms of Geometric Hyperplanesof W (2)

The 9+6 factorizationof operators(left) now correspndsgeometricallyo
the split-up of the quadranglef into

2 its grid, i.e.,a slim generalizeduadranglef order(2; 1) (bottom) and

2 its dual (top).

The 10+5one(right) correspndsto the partition of the quadranglento

2 oneofits ovoids i. e.,a setof ( ve) poirts that hasexactlyonepoirt
in commonwith ewery line (top) and

2 the setof ten points that form the famousPetersergraph(bottom)

asillustratedin Figure4:

Figure 4:

o

I

Figure 5:

If, dually, one removes from the quadranglea spread, i. e., a set of (v e) pairwise disjoint lines
that partition the point set (Fig. 5), one getsthe dual of the Petersengraph; v e lines of a spread
represem nothing but the v e maximum subsetsof three mutually comnuting operatorseah, whose
assaiated basesare mutually unbiasel.



Correspndene Between the Two Pictures

A geometridiyperplaneH of a nite geometnyis a setof points sut that
ewery line of the geometryeither contains exactly one point of H, or is
completelycortainedin H. It is easyto verify that for the generalized
guadranglef ordertwo H is of oneof the following three kinds:

2 Hg,, anovoid (therearesix sud hyperplanes);

2 Hy(X), asetof points collinearwith a givenpoirt X, the poirt itself
inclusiwe (thereare 15sud hyperplanes)and

2 Hgy, agrid asde nedabove (thereare 10sut hyperplanes).

Ontheotherhand,thereare,respectively, three kindsofthe projectivelines
over the rings of orderfour and characteristidwo living in the projective
line P1(Mo(GF (2))):

2 P1(GF(4));
2 P,(GF (2)K]=3i); and
2 P1(GF(2) £ GF(2)).

Onethusrewealsa perfectparity betweenthe threekindsof the geometric
hyperplane®fthe generalizeduadranglef ordertwo andthe threekinds
of the projective linesover the ringsof four elemets andcharacteristiadwo
enbeddedin our sub-con guratiorof P1(M»(GF (2))), givingriseto the
threekindsofthe distinguishedubset®fthe Pauli operatorsof two-qubits,
assummarizedn Table2.

Table 2:

GQ Ho Ha(X)nfXg Hor
PL Pyi(GF(4)) P1(GF (2)[x]=x2i) P.(GF (2) £ GF(2))
TQ setof ve mutually set of six operators nine operators of a

non-commuting operators commuting with a given one Mermin's square




Geneulizations for N -qubits

It is surmisedquari-ph/0612179}hat the algebraof the Pauli operators
onthe Hilbert spaceof N -qubitsis enbodiedin the geometryof the sym-
plectic polar space of rank N and order two, Way; 1(2):

2 theoperatorqdiscardingheidertity) ansverto the points of Way; 1(2),

2 their partitioningsinto maximally comnuting subsetscorrespnd to
spreadof the space,

2 a maximally comnuting subsethasits represetative in a maximal
totally isotropicsubspacef Wy, 1(2) and, nally,

2 \comnuting" translatesnto \collinear" (or \p erpendicular").



4. Conclusion

We have demonstratedhat the basicpropertiesof a systemof two in-
teracting spin-1/2 particlesare uniquelyenbodied in the (sub)geometry
of a particular projective line, foundto be equialert to the generalized
guadranglef ordertwo.

As sut systemsrethe simplestonesexhibitingphenomenédike quan-
tum ertanglemehand quartum non-lccality and play, thereforea crucial
rolein numerouspplicationdike quartum cryptograply, quarium cading,
guartum cloning/telertation and/or quartum computingto mertion the
mostsalieh onesour disceery thus

2 not only o®ersa principally newgeometrically-underlinadsigh into
their intrinsic nature,

2 but alsogivestheir applicationsa wholly newpersgective

2 and opensup rather unexpectedvistas for an algebraicgeometrical
modellingof their higher-dimension&ounerparts.
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